The phase diagram of a model describing doped CuGeO 3 is derived. The model emphasizes the role of the free local moments released by the impurities and randomly distributed inside the gaped singlet background. The low doping phase diagram is in a qualitative agreement with experiments. In particular, a transition to a highly inhomogeneous Néel phase is obtained for arbitrary small doping, and, even above the Néel temperature, the magnetic correlation length is predicted to greatly exceed the spin-Peierls correlation length. * U.P.R. 5001 du CNRS
which seems to lie in the spin gap region, towards the Néel phase, meanwhile reducing the magnitude of the spin gap. Therefore, even a model where the disorder effects are treated on average, leading to a simple renormalization of the Hamiltonian parameters (essentially to a decrease of δ), might explain the appearance of a Néel phase upon doping. However, within this approach, the transition is expected to occur only above some critical concentration, unless also the pure compound undergoes a Néel transition, which is unlikely [13] . Moreover, the spin gap seems not to disappear as the doping increases, but rather gets filled by low energy spin excitations. A similar behavior is observed in spin-ladder systems, which, in spite of having a quite large spin gap with pure composition, undergo a Néel transition upon very small doping. For instance SrCu 2 O 3 , with a spin gap of ∼ 400K, has a finite T N ≃ 3K already at 1% Zn doping [14] . In these ladder compounds those low energy spin excitations induced by doping are also revealed by a finite specific heat coefficient γ [14] .
The above features seem to suggest that disorder plays a very crucial role in all those compounds which, without doping, have a gap in the spin excitation spectrum. In addition, it also seems that it is not possible to explain the phase diagram with doping without carefully taking into account the inhomogeneities induced by disorder.
In this article we derive the low doping phase diagram of a model which we believe captures the essential features, outlined above, of the doped CuGeO 3 . We have presented elsewhere a detailed analysis of this model limited to a single chain [15, 16] , and found that, for any amount of disorder, quasi-long-range magnetic correlations, coexisting with the dimerized background, arise. In fact, we showed that the staggered spin-spin correlation function S z (r)S z (0) ∼ (−1) r r −2 exp [−r/ξ(T )], where the correlation length ξ(T ) ∼ ln 2 (T ) diverges at zero temperature T = 0. Here we will consider the case in which these chains are coupled by a transverse exchange J ⊥ , which turns the quasi-longrange order into a true long-range one. We will show that, by a simple mean-field treatment of the transverse exchange, a Néel phase does appear for any finite impurity concentration at a temperature roughly given by T N ∼ xJ ⊥ ξ(T ), of magnitude in qualitative agreement with experiments.
The paper is organized as follows. In section II we introduce the model, which is further analyzed in section III, to obtain the doping dependence of the Peierls temperature, and in section IV, where we estimate the Néel transition temperature. Finally, in section V, we discuss the results also in comparison with other different proposals.
dimerized Heisenberg model in two dimensions,
where J = J c , J ⊥ = J b , i labels the sites along the chain and n is the chain index. δ is the dimerization parameter which is staggered along the b axis. In reality, it seems that some frustration has to be added to get a reasonable agreement with the spin susceptibility data above T sp . This can be accomplished by introducing for instance a (quite large) next nearest neighbor exchange J ′ ∼ 0.23 − 0.36J, which can result both from next nearest neighbor Cu-Cu superexchange and from the lattice quantum fluctuations. However, for what it concerns our analysis, we can safely neglect this additional complication.
When δ > 0, each spin at an even site is coupled by a strong bond J(1 + δ) to the spin at its left, and by a weak bond J(1 − δ) to the spin at its right, both on the same chain. A finite gap between the singlet ground state and the lowest triplet excitation arises as soon as δ = 0 and J ⊥ is less than a critical value which depends on δ. This should be the case of the pure CuGeO 3 . We start by assuming that the most important effect of doping is that each impurity releases a free spin out of the dimerized singlet background. This is more clearly seen for Zn or Mg doping and in the limit J ⊥ = 0. As a first approximation, the non magnetic ion cuts the chain into two segments, e.g. one starting with a weak bond, the other ending with a strong bond. In the former segment, a free spin-1/2 moment will appear localized at the boundary. Even if we add a weak link across the non-magnetic ion, which couples the two end spins of each segment, this free spin 1/2 moment still exists. An even more transparent explanation is obtained by considering a ring of even number of sites. Since δ = 0, the ground state is a singlet with a gap to the lowest S = 1 excitations. If a spin is removed, and a weak link across the empty site is added, the effective spin chain will now contain an odd number of spins 1/2. Hence the ground state will have S = 1/2, in spite of a finite gap to higher spin states. Moreover, since translational symmetry is broken, this S = 1/2 moment will be mostly localized around the weak link. Similarly, even if one spin 1/2 is substituted by a spin 1, modeling Ni doping, a free spin 1/2 moment is formed around the impurity. We also believe that the same situation holds with a finite J ⊥ .
The case of Si-doping is less clear. Ge is supposed to influence the superexchange between the Cu's [12] , increasing the antiferromagnetic superexchange with respect to the ferromagnetic indirect exchange, finally leading to a net J > 0. The smaller bond length of Si-O has likely the effect of reducing the antiferromagnetic superexchange by diminishing the angle Cu-O-Cu, thus inducing defects in the dimerized structure. In principle a large reduction of that angle might even change the sign of the Cu-Cu exchange constant, leading to the formation of free spin-1 moments. Although we believe this is likely to occur, here we will limit our analysis to the simpler case of non magnetic ions substituting Cu.
As we argued, in such cases free spin 1/2 moments form around each impurity. The virtual polarization of the singlet background provides an antiferromagnetic coupling between these spins.
Since the dimerized state is gaped, this coupling decays exponentially with the distance between two spins over a length roughly given by the spin-Peierls correlation length. For instance, let us consider the closest spin to a given one, which are assumed to be at distance r = (r x , r y ) (r x , r y > 0). Then, the exchange between these two impurity-released spins can be roughly taken of the form
where ∆ is the spin gap, ξ SP ≃ 9 − 13 c [18] the correlation length along the chain axis, while
1ξ SP , the correlation length along the b-axis.
Since the impurities are located at random, replacing a fraction x of the magnetic sites, Eq. (2) defines a two dimensional random Heisenberg model, which should properly describe the excitations at energies below the spin-Peierls gap. We believe that this simple model already captures the essential physics of the Néel phase. Below some temperature these weakly coupled spins will order
antiferromagnetically. Moreover, they will also induce a frozen staggered polarization on the singlet background, which does have a finite staggered susceptibility, in spite of an exponentially decaying uniform susceptibility. According to this scenario, the Néel phase would consist of spins antiferromagnetically ordered diluted in a partially polarized singlet background. The main problem is to get an estimate of the Néel transition temperature. What we are going to do is a simple mean field treatment of the interchain coupling J ⊥ , since we know many detailed properties of a single chain.
Spin Peierls transition temperature
We first begin by estimating the variations of the spin-Peierls transition temperature as a function of the doping concentration, in the framework of phenomenological models describing the effect of doping on the propagation of triplet excitations within a single dimerized chain. We first begin by considering the situation where the triplet excitations are confined between two impurities, the possible tunneling through an impurity being neglected. In this cut-chain model, the triplet excitations propagate on independent dimerized segments containing l dimers. The length distribution of these segments is
The average length of a dimerized segment is related to the impurity concentration as
consistent with the fact that each impurity releases two sites from the dimerization pattern (one site with the non magnetic impurity plus one site with the spin 1/2 moment). We next assume that the dispersion relation of these triplet excitations is given by
If we consider a segment of r = 2l sites (and thus l dimers), the vanishing of the wave function at the two end-points leads to the quantization k = πh/(l + 1) with h = 1, · · · , l. We now make a further assumption and consider the XX-limit of the spin-chain. Within such an approximation, the density of states of the Jordan-Wigner fermionic band of a segment of length l is
The total density of states is then
which has been normalized to the number of spins per unit length (1−2x) involved in the dimerization pattern. The free energy of the spin degrees of freedom reads
The spin-Peierls temperature and the self-consistent value of ∆ are obtained by minimizing the total free energy
the last term originating from the energy cost of the lattice distortions. The variations of the spin-Peierls temperature are shown in Fig. 2 for various values of the spring constant K. For K = 0.09 meV −1 , the spin-Peierls temperature of the pure system is quite close to the one of CuGeO 3 , and we will thus use this value of the spring constant in the remaining of this paper. The spin-Peierls gap in the pure system is found to be 2.12 meV, a value compatible with the value in CuGeO 3 of 3.85 meV, which is obtained by averaging the minimal gap ∆ min = 2.1 meV and the maximal one ∆ max = 5.7 meV along the b-direction. As it is visible in Fig. 2 , the linear decay of the spin-Peierls transition temperature is qualitatively in agreement with the experimental data, even though the decay is somewhat slower than in the Cu 1−x Zn x GeO 3 compound. Namely, we obtain Fig. 2 ), to be compared with the value of −225 K obtained by
Martin et al. [6] .
We now examine the other extreme situation where the weak exchange through the impurity is taken equal to the weak bond J(1 − δ) of the dimerization. We are interested in finding an upper bound to the spin-Peierls temperature and we thus neglect the effect of disorder. Within these approximations, the spin contribution to the free energy in the presence of a dimerization δ is nothing but the free energy of a dimerized chain with 1 − x spins per unit length. If we denote by χ SP (T ) the susceptibility towards dimerization of the undoped system
the spin-Peierls temperature of the doped system is given by (1 − x)χ SP (T SP ) = 1, and, for small doping, decays linearly with the doping concentration x:
The variations of the spin-Peierls temperature within this approximation are shown in Fig. 2 . As expected, the spin-Peierls transition temperature within this approximation decays slower than for the cut-chain model. However, even though the orders of magnitude are correct, both decays are slower than the experimental ones, due to the fact that several ingredients are missing in our spinPeierls transition model, for instance the interchain exchange.
Néel transition temperature
As we have shown in Ref. [15, 16] , for any amount of disorder, a single chain does develop quasi-long range magnetic correlations at zero temperature. Specifically, the staggered spin-spin correlation function behaves at finite temperature like
where
of the order of the typical exchange constant among the spins, where << . . . >> denotes a disorder average [19] . Above this temperature, at which the correlation length is of the order of 1/x (the average distance between the impurities), ξ(T ) decreases with increasing temperature, approaching ξ SP when T → ∆, see Fig. 3 . In the same figure we have also drawn the correlation length of a typical realization of the disorder, i.e. a chain in which each spin is at a distance 1/x from its neighbors, hence coupled by an exchange exactly given by T * . We see that, for T * < T < T SP the disordered array of spins is more correlated that the ordered array, while for T < T * the opposite occurs. The reason is that, above T * , the disordered chain takes advantage of rare fluctuations in which many spins get closer than the average distance 1/x, thus forming a quite correlated cluster due to the exponential dependence of the exchange (2) upon the distance. In fact, we are faced with a particular kind of disordered spin chain with a singular and broad distribution function of the exchange constants,
P (J) is such that the typical exchange constant (4), when xξ SP ≪ 1, is much smaller that the average one << J(r) >>= xξ SP 1 + xξ SP , which clarifies why correlations do appear well above T * . When the interchain exchange J ⊥ is switched on, a true Néel long range order should develop. From the above discussion, we expect that large magnetically ordered clusters form already above T * . We suspect that this fact, together with the finite polarizability of the singlet dimerized background, may explain the surprisingly high Néel temperatures T N . To get an estimate, we have used the following mean-field like equation for T N :
where χ s (T ) is the staggered magnetic susceptibility, and ξ(T ) the correlation length drawn in Fig.   3 , which we have evaluated in Ref. [16] . More specifically, the staggered susceptibility χ s is
, and the correlation length ξ(T ) is found as the root of f (y, Γ T )+1 = 0, with y = −1/ξ, Γ T = ln (∆/T ), and
where α = ξ SP −y(y + 2n), and f 0 (y) = ξ SP (y + n).
The Néel temperature calculated through Eq. (5) is plotted in Fig. 4 versus the impurity concentration x for different values of J ⊥ . In order to obtain reasonable values of T N at relatively large doping (of the order of 3 %), we had to use an interchain coupling of the order of 60 K, about five times larger than the interchain coupling in CuGeO 3 . However, it may not come as a surprise that we do not reach a quantitative agreement with the experimental parameters through the simple mean-field estimation (5) of the Néel temperature.
We can even obtain a rougher estimate of the Néel temperature. Since T * ≪ T N < T SP , we can, at a first approximation, take the correlation length ξ(T ) equal to the spin-Peierls correlation length ξ SP , and further assume that the susceptibility amounts to a paramagnetic contribution of the free magnetic moments: χ s (T ) ≃ x/T. By Eq. (5) we obtain the Néel temperature
linear in the impurity concentration. Taking J ⊥ ≃ 12 K, and ξ SP ≃ 9 c and x = 0.01 we get
, of the same order of magnitude as our estimate.
Finally, it is worth noticing that both (5) and (6) 
Discussion and Conclusion
Let us summarize the specific features of the proposal we have so far presented for the onset of the Néel long range order in doped CuGeO 3 .
First of all, we want to stress that, in our opinion, the real difficulty in the subject is not the coexistence of dimerization and Néel antiferromagnetism, since the two order parameters are not incompatible, contrary to a purely one-dimensional system. Instead, what is really puzzling for us is the appearance of antiferromagnetism at such low impurity concentration as 1 × 10 −3 , with a reasonably high transition temperature. We have shown that this behavior might depend on the peculiar properties of the disorder in this system, as well as in other spin gaped systems.
We believe that the most important effect of disorder, at low doping, is to induce randomly distributed localized free moments. These moments are weakly coupled by an exchange constant exponentially decaying upon the distance, see Eq. (2), caused by the virtual polarization of the singlet background. We have shown that even a single chain does develop quasi long range Néel order, i.e. a power law decaying staggered correlation function, which, we believe, does imply a low temperature transition to a true long range order as soon as the interchain exchange is taken into account.
Moreover, we argue that the exponential dependence on the distance of the exchange between those randomly distributed moments implies that rare events in which the impurity released spins are closer than the average distance (and therefore get strongly coupled), dominate the physics in some temperature range. The formation of these clusters, together wih the finite staggered susceptibility of the singlet background, may explain why ordered domains larger that the neutron coherence length do appear at temperatures much larger than what we called T * , which is nothing but the exchange between two moments at a distance equal to the average one.
Some consequences can be drawn from this scenario. The first one is that a Néel phase is expected for any arbitrary small impurity concentration. We think that, for very small doping x, the transition temperature is likely exponentially small in 1/x, i.e. ln T N ∼ −1/x, while, at larger concentrations, a T N ∼ x behavior holds. We estimate that, in this range, T N ≃ J b ξ SP x, where J b is the exchange constant in the b-direction, and ξ SP the correlation length in the pure CuGeO 3 .
The second prediction is that a very long correlation length, extending well above ξ SP , may be observed in a wide temperature range. There are many indications that this is the case. For instance, the estimate of the correlation length by the analysis of the NMR linewidth in the ladder compound Sr(Cu 1−x Zn x ) 2 O 3 at Zn concentration x = 0.25%, at which no Néel transition has been observed down to the lowest accessible temperature, is two orders of magnitude larger than the correlation length of the undoped compound [17] .
Finally, the Néel phase is expected to be highly inhomogeneous. Clear signatures of disorder in the Néel phase has indeed been observed by Hase et al. [4] .
At this point, we believe it is worth to compare our proposal with the theory of Fukuyama, Tanimoto and Saito (FTS) [20] , which also predicts the coexistence of antiferromagnetism and dimerization, as well as the onset of antiferromagnetism for arbitrary small doping. As we discussed, we have started our analysis by assuming that the main effect of the impurities is the release of free spins out of the singlet background, which is in agreement with the magnetic susceptibility data on the doped compounds, showing an almost Curie like component at low temperature which seems to scale linearly with doping (see for instance Ref. [9] and [13] ). Instead, FTS assume that the main effect of disorder is the local reduction of the dimerization δ imp < δ close to each impurity, hence of the spin gap. For instance, they can fit the experimental reduction of the scattering intensity from the dimerized lattice in the 0.7% Si doped compound, by taking δ imp ∼ 0.2δ. This leads to a rough estimate of the local reduction of the spin gap ∆ imp ∼ (0.2) 2/3 ∆ ≃ 0.9∆. Obviously, for smaller impurity concentrations, one should expect an even smaller reduction of the spin gap. However, to explain within this model the almost Curie like behavior of the low temperature susceptibility at low doping, one should assume a much stronger suppression of the spin gap down to ∼ 10mK close to each impurity, not just a small reduction as the fit to the neutron scattering data would imply. This is one reason why we believe that our approach is more relevant. The other is that we do not believe that a local reduction of the dimerization might explain the appearance of antiferromagnetism at such low concentration as 0.1% of Zn doping.
In fact, a more realistic modelization of the disorder should include both disorder effects, the local reduction of dimerization as well as the appearance of free spins. Essentially, the main difference between our approach and the FTS one is in the different emphasis placed on the two effects. We believe that the main role at low doping in establishing the Néel phase is played by the free moments induced by disorder, while FTS seem to favor the other mechanism of a local reduction of the dimerization.
Apart from this comment on the grounds of the model proposed in Ref. [20] , we also have some more technical criticisms. To analyse their model, FTS use the so-called Self Consistent Harmonic Approximation (SCHA) applied to the bosonized version of a dimerized Heisenberg chain. This approximation is a kind of mean field theory, or saddle point approximation, plus random phase fluctuations. By this technique, they show the existence of a mean field solution having finite both a dimerization parameter and a Néel order parameter. Essentially, close to the impurity, where the dimerization parameter is assumed to be reduced, a staggered magnetic moment in the z-direction arises. We believe that this approach is not fully consistent. This point is explained in detail in Appendix A. Essentially, to solve the self-consistent equations, FTS assume that the quantum fluctuations above the saddle point solution are homogeneous in space. All the inhomogeneity induced by the impurities are taken into account by the saddle point solution. However, this Ansatz has not been verified aposteriori, and in fact it is not true. In reality, the self consistent equations
show that the quantum fluctuations do become inhomogeneous and stronger close to each impurity. Therefore FTS's solution is not consistent, and we do not think that a self-consistent solution with an inhomogeneous saddle point and homogeneous quantum fluctuations can be found at all.
An interesting variational approach has recently been developed by Yoshioka and Suzumura [21] for the Zn doping case. They have rigorously shown that in bosonization the spin-lattice coupling does change sign crossing a non magnetic impurity, as it was proposed in Ref. [15] . With this disorder modelization they have proved the existence of a variational action which does again describe a state where the dimerization gets reduced around an impurity and at the same time a static staggered moment in the z-direction appears. We believe that this variational approach gives a reasonable description of the Néel ordered phase, very close to what we propose, but it is unable to describe how the ordering occurs, which we tried to do in the present work. We postpone to Appendix B a detailed discussion of this point.
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A Self Consistent Harmonic Approximation
In this Appendix, we discuss the Self Consistent Harmonic Approximation (SCHA) approach used by Fukuyama, Tanimoto and Saito (FTS) in Ref. [20] . We think is it worthy to present this discussion, since there are not many places where the extension of this technique to an inhomogeneous case is explicitely shown. We do not want to enter in the details of the transformation which allows to map the spin-Peierls problem onto a bosonic one, since they can be found in Ref. [20] , and references therein. We assume that this transformation is valid, and, following [20] , that the resulting bosonic
where φ(x) and Π(x) are bosonic conjugate fields. The classical variable u(x) represents the dimerization lattice distortion, and the sin(. . .) is the spin dimerization order parameter. Notice that the cos(. . .) would represent the z-component of the staggered magnetization. We then write φ(x) = φ c (x) + φ(x), where φ c (x) is a classical variable, and φ(x) is the quantum fluctuation part, which is assumed to have a zero average value. We want to find the minimum of the total energy assuming a bosonic state |0 which is the ground state of the following Hamiltonian
with m(x) > 0. Therefore we have to find the appropriate values of φ s (x), u(x) and m(x) which minimize the average value ofĤ over |0 . This is the so-called Self Consistent Harmonic Approximation (SCHA), which is therefore a well defined variational technique. Since (8) is quadratic, then 0|φ(x)|0 = 0, and
where D(x) = e −2πK φ(x) 2 . If we define T (x) ≡ Π 2 (x) + (∂φ(x)) 2 , the self-consistent equations are
where we used δD(y)
We start by solving (11) . We write the bosonic fields as
, all other commutators being zero. We want that, in terms of these creation and annihilation operators, the Hamiltonian (8) is diagonal, that iŝ
which is the eigenvalue equation for ϕ α . On the bosonic vacuum of the operators b α , we find that
which, through Eq. (14), becomes
where the last identity follows from (12) . Now, suppose that m(x) → m(x) + δm(x). It is easy to get the first order correction to the eigenvalues through (14) :
Through the above equations we find that
which, inserted in Eq. (11) gives
This equation is solved by imposing
which gives the self-consistent equation for the mass.
As a simple application, let us consider the homogeneous case m(x) = m, u(x) = u, and φ c (x) = φ c for any x. ¿From Eq.(9) we get
which choice is in fact the only compatible with SU(2) symmetry. We choose n = 1. On the other hand Eq. (14) is solved by plane waves
with energy ǫ q = q 2 + m. Therefore
where m 0 is a high-energy cut-off, and (15) becomes
The solution is m ∼ (gu) 2/(2−K) . Since the approach is valid only if, for a small coupling g, a small mass m is obtained, the above equation implies that a mass is generated if K < 2. This is the famous result for the sine-Gordon models. If we consider this model as describing a spin-Peierls transition,
we know that K = 1 corresponds to the XX-limit and K = 1/2 to the SU (2) , finally leading to
Now let us consider the inhomogeneous case. For instance, following FTS [20] , we assume that (15) the self consistent equations can be written as
Solving for u(x), we get
and the coupled equations for m(x) and φ c (x) read
We do not know whether these equations have an unique solution. For instance what FTS implicitly do is to assume D(x) as well as m(x) independent of x. Then Eq.(19) at x = 0, l fixes the value of φ c (0) and φ c (l), which are used as boundary conditions to solve Eq.(22). The solution is a Jacobi elliptic function. Between x = 0 and x = l, the solution approaches the homogeneous one (16), but around these points it is different. As a result, sin 2 2 √ 4πKφ c (x) differs from one close to x = 0 and x = l, leading to a finite value of cos 2 2 √ 4πKφ c (x) , hence to a finite staggered magnetization.
This result would imply that disorder in the lattice distortion leads automatically to a long range Néel phase, but necessarily with a staggered magnetization along z. In fact, the staggered magnetization perpendicular to z is expressed in terms of the conjugate momentum Π(x), which is uncertain if φ c (x) gets an average value. This result is puzzling, since the starting Hamiltonian is spin isotropic.
Moreover, the assumptions D(x) and m(x) x-independent have to be aposteriori verified. FTS do not make this check, but clearly, by inspection of Eq. (21), one realizes that the assumption is not correct. Therefore the calculations of Ref. [20] are not self-consistent.
Alternatively, one can look for a solution which does not break SU(2) symmetry. In this case we have to assume a constant φ c (x) = π/2, compatible with (16) . Therefore one needs to solve
or, equivalently,
with the boundary conditions m(0) = m(l) = 2πKu 2 i . If this equation were solvable, we would get an alternative solution which keeps the SU(2) symmetry. Further work to establish which is the best self-consistent solution is needed, but we can safely state that the assumption of homogeneous quantum fluctuations made in Ref. [20] is not self-consistent.
B Some rigorous results in the presence of solitons
In order to better clarify the limits of the SCHA, we consider a simple case which is related to the work by Yoshioka and Suzumura [21] . These authors have proved by bosonization that the coupling to the lattice changes sign crossing a non magnetic ions. A similar conclusion was reached in Ref. [15] , by means of a simple mapping to a squeezed chain where the non magnetic sites are eliminated. This mapping is explained in Fig.6 . The squeezed chain is obtained by eliminating the non magnetic site similarly to what is done in the U → ∞ Hubbard model. The difference here is that the hole does not move. Next, the weak link across the impurity is approximated to the weak bond of the dimerized Heisenberg, i.e. J(1 − δ), which is supposed not to change qualitatively the low energy physics. Hence, the effective model describing the squeezed chain consists of a dimerized Heisenberg chain with a domain wall. The model in the presence of a single domain wall can also be analyzed along the same lines outlined in Ref. [21] . The result would be again that a variational solution can be obtained with a space dependent classical phase φ c (x), but a space independent mass for the bosons describing the quantum fluctuations. The same would hold also in the XX-limit, which can be also easily solved by diagonalizing the spinless fermion Hamiltonian which is obtained through a Jordan-Wigner transformation. In the continuum limit and after linearizing the band around the Fermi momenta k F = ±π/2, one has to solve the following equations
where the Fermi field is expressed in terms of the χ functions through
c ǫ being the annihilation operator of an eigenstate of energy ǫ. The dimerization parameter is equal to ∆ for x < 0, and to −∆ at x > 0, thus having a domain wall at x = 0. Eqs.(25) and (26) can be solved and one finds, in addition to scattering solutions with energy ǫ = ± √ k 2 + ∆ 2 , k being the wavevector, a localized zero energy solution with wavefunction
This is a soliton solution for a single domain wall.
The classical phase which appears in the bosonized version of the model can be related to the phase of the 2k F oscillating part of the spinless fermion density. Namely, we expect that
The dimer order corresponds to a bond ordered Charge Density Wave (CDW), i.e. φ c (x) = (2n + 1)π/2, while the Néel phase to a site ordered CDW, i.e. φ c (x) = nπ. In the absence of the domain wall, the phase is φ c (x) = (2n + 1)π/2 at any x. In addition, in the presence of the domain wall, two other terms arise. One is
where n 0 is the occupation probability of the soliton state. In fact, the term proportional to n 0 is the soliton wave function density probability, while the other one comes from the negative energy scattering solutions. We notice that ρ 1 oscillates with a phase which has two possible values φ c = 0, π depending on n 0 , which are compatible with the two possible Néel ordered phases. The other term which is generated by the domain wall decays like
and generates the polarization of the background responsible for the coupling among consecutive solitons, which we have considered throughout this work. This term oscillates with a phase compatible with a dimer order. Were ρ 1 (x) be present, we would indeed find a coexistence of dimer order and Néel one, the latter mainly localized close to the domain wall.
We have now all the elements to describe what happens in this solvable model for the classical phase, and compare with the variational approach of Ref. [21] . We start reminding that after the Jordan-Wigner transformation, a site occupied by a spinless fermion corresponds to a the spin having a z-component S z = 1/2, while an empty site to S z = −1/2. Moreover, a chain with periodic boundary conditions is compatible with the presence of a single domain wall only if it has an odd number of sites. Therefore the ground state has a total S = 1/2. In our XX-limit we can not rigorously discuss the SU(2) symmetry, but at least the following discussion gives some hints how the implementation of such symmetry gives a classical phase φ c (x) = π/2 independent of the position.
In fact, if we take a ground state which does not break the symmetry, we have to assume that the chemical potential crosses exactly the soliton energy, so that there is an equal probability to have S z = ±1/2. In other words this implies that n 0 = 1/2, leading to a vanishing ρ 1 (x), and leaving only the ρ 2 (x) term which has indeed a phase fixed at φ c (x) = π/2. Let us suppose a domain wall and an anti-domain wall at a distance much larger that 1/∆. We can now consider a periodic chain with an even number of sites. The ground state will be a singlet. Around each domain wall there will be a localized soliton state at zero energy. The two S = 1/2 solitons will be coupled by the polarization of the background, generating a singlet S = 0 as well as a triplet S = 1 state. The singlet state has energy −t (0 < t ≪ ∆), the S z = 0 component of the triplet +t, and the S z = ±1 have energy zero, where t decays exponentially with the distance among the two domain walls. The fact that the triplet is not degenerate is a consequence of the XX-limit. In this case, however, we are lucky since the lowest energy state, being a singlet, is SU(2) invariant. This is in essence why the spin anisotropy with a random distribution of domain walls does not play a very relevant role for what it regards the ground state properties. Within the lowest energy singlet state, each soliton state has an equal probability of being empty or occupied, leading again to a vanishing ρ 1 (x) Eq.(28). However, one can view the singlet state as oscillating between two configurations each having ρ 1 (x) = 0, hence a classical phase φ c = 0, π compatible with a Néel order. In a rough picture, the system is locally, in time, in one of the two possible Néel ordered states, and oscillates between them over a very long time scale ∼ 1/t. Moreover, in spite of the exponential decay of the polarization over a length ξ SP ∼ 1/(2∆), which is the correlation length of the dimerized state, the two solitons, which are at a distance much larger that ξ SP , oscillate coherently. This is on a very small scale our picture of what happens in the doped CuGeO 3 . We suspect that the variational approach of Ref. [21] is able to describe only the states where one soliton is occupied and the other is empty, or viceversa, and not the superposition of the two, which is beyond a mean field like approach. Therefore this method should give a reasonable description of the Néel ordered phase, but is unable to describe the way in which the magnetic ordering is established, which is what we have tried to do in this work. Variations of the correlation length in the XX limit for x = 1% doping versus temperature and K = 0.09 meV −1 (see Fig. 2 ). The spin-Peierls temperature is T SP = 13.3 K, and ξ SP = 9 c. (a) shows the variations of the correlation length of the disordered system and (b) the correlation length of the typical realization of disorder, namely, an array of equally spaced magnetic moments. The limiting value of the correlation length when T → T SP is 1/(n + 2/ξ SP ), the factor of 2 originating from the XX approximation. 
